Abstract. The self-consistent field theory and the method of local mapping are used in an investigation of mode locking in a solid-state laser. An analysis is made of the structure of the ultrashort pulse generation zone of a laser with an antiresonant ring.
Important progress has been made in developing new methods for ensuring stable generation of high-intensity ultrashort pulses. The most widely used method relies on modulators in which changes in the field amplitude and phase caused by a nonresonant optical nonlinearity are transformed into an amplitude response similar to that of an instantaneously saturable absorber. As a rule, self-phase modulation (SPM) of the field and self-focusing are used in these modulators. This modulation is the basis of mode locking with the aid of an additional cavity [1] and an antiresonant ring [2] . The Kerr lens effect is used for self-focusing mode locking [3] .
Three main approaches are used to describe the processes that occur in self-mode-locked solid-state lasers. The first is based on a fluctuation model used in numerical simulation of the dynamics of a solid-state laser [4] . A clear advantage of this approach is the maximum possible precision in describing complex dynamic processes that occur in a laser system. However, a numerical solution is not always sufficiently general, which hinders analysis and interpretation of the main relationships governing lasing.
The second approach is based on an analysis of the instantaneous transmission of a laser system [5, 6] . It can be used to study the main dynamic properties of the system, but does not yield the temporal characteristics of the output radiation pulses or include the influence of such slow-response effects as the high-power bleaching of a nonlinear element and gain depletion.
The third approach relies on the self-consistent field theory and on a description of ultrashort pulses in terms of quasisoliton solutions of the nonlinear generalised Landau^Ginzburg equation [7] . This approach makes it possible to study analytically the temporal characteristics of ultrashort pulses, but since it is not possible to obtain general solutions of the nonlinear laser equation, a description of the complex transient lasing dynamics cannot be provided.
We shall report an analysis of mode locking with an antiresonant ring, based on a combination of the advantages of the approaches described above and capable of providing a fairly simple and satisfactory estimate of the efficiency and stability of ultrashort pulse generation. The proposed approach makes it possible to determine the parameters and dynamic features of ultrashort pulses, and to study the range of laser parameters ensuring ultrashort pulse generation without recourse to a numerical solution.
We shall compare the results of an analysis of a quasisoliton solution of the nonlinear generalised LandauĜ inzburg equation describing lasing in an incoherent approximation. We shall investigate the stability of such lasing and consider the nonlinear dynamics governed by the instantaneous transmission of the system, which includes gain saturation and nonlinear bleaching when the field interacts with an antiresonant ring. This approach provides an analytic description of the temporal characteristics of ultrashort pulses and can be used to intepret the structure of the mode-locking zone. The main results can be generalised to other laser systems in which mode locking is the result of instantaneous loss saturation.
We shall consider a solid-state laser with an antiresonant ring [2] containing a nonlinear element performing SPM and coupled to the laser cavity by a mirror with a reflection coefficient R. The transmission (in terms of the intensity) T of the modulator based on such an antiresonant ring is
where I is the laser radiation intensity; ' R 2 (s 1) À 1z is the effective nonlinear coefficient; b is the SPM coefficient; s is a parameter describing the nonreciprocity of the antiresonant ring and equal to the ratio of the transverse sections of the beams propagating in the nonlinear element of length z in opposite directions; d is the difference between the phases of these beams [2] .
If the change in the field as a result of a single interaction with the modulator is small, so that 'I ( 1 (when the nonlinear element is vixy Q and the nonreciprocity parameter is s 2, this condition is satisfied right up to intensities of the order of 0.5 GW m ÀP ), the laser radiation field a( k, t) ( k is the serial number of a trip through the cavity and t is the local time) propagates across the active medium with the saturated gain a and through a frequency-selective element with the reciprocal of the pass band t f under conditions of optimal discrimination of the initial fluctuation peaks (i.e. for Àa2, see Ref. [2] ). Such propagation can be described by the generalised Landau^Ginzburg equation [7] da dk 1 where g ln2(1 À R 2 )R 2 is the total gain in the system (deduced ignoring nonlinear bleaching).
Steady-state propagation of a field from one trip to the next corresponds to the solutions of Eqn (2) with zero lefthand side. We are then dealing with what is known as the cnoidal wave equation (see, for example, Ref. [8] ). The solutions of this equation describe self-oscillations during one cavity period at a frequency which depends on the amplitude and can in general be described by elliptic functions. The nature of these self-oscillations is governed by the properties of the phase space of Eqn (2), and this space has an unstable saddle at a point a 0, daadt 0 and a neutral centre at a point a ( À ga') 1a2 , daadt 0. Generation of ultrashort pulses corresponds to a steady-state solution of Eqn (2), which can be represented in the form a A 0 seh(ta(), where
It is evident from expression (3) that the generation of ultrashort pulses is possible only if g`0, i.e. the total gain g 'a 2 should be negative outside an ultrashort pulse and positive inside that pulse.
Obviously, the formation of such a pulse from noise requires a positive initial total gain. It is assumed, as in Ref. [9] , that the initial gain 0 is saturated by the total output energy in one cavity period: 0 exp ( À ' 32 I ÀI a 2 t) (' 32 is the gain cross section of the active medium). We shall normalise the ultrashort pulse intensity to '
, where e is the photon energy. The condition for recovery of the gain a in a round trip through the cavity gives the following equation for 0 : 32 2 g AE 2 ( À 0 ) 2 0, where AE 'a' H . The broken curve in Fig. 1 , plotted in the plane of the parameters s and 0 , is the boundary of the generation of steady ultrashort pulses described by expression (3) (these pulses are generated below the broken curve). A reduction of the initial gain increases monotonically the duration of a pulse and reduces its intensity. If the active medium is titanium-doped sapphire (t f 10 fs) and the nonlinear element is an vixy Q crystal 1 cm long with the optimal values R 0X7 and s 4, we find that AE 1. The threshold gain is then 0.7 and the ratio of the unsaturated gain 0 to this value makes it possible to determine the relevant excess of the pumping rate above the threshold.
An investigation of the stability of the sech pulse profile, based on a linear theory (see, for example, Ref. [10] ), shows that in the adopted approximation the pulse is stable in the presence of laser noise corresponding to a continuous spectrum of excitation of ultrashort pulses, and is not affected by distortions of its profile corresponding to discrete excitation modes. The spectrum of perturbations is found from an analysis of the Schro« dinger equation with the potential q ÀAEa 2 0 seh 2 (ta() À g. This solution is obtained by linearisation of Eqn (2) in respect of perturbations of its sech solution and equal to the total instantaneous gain taken with the opposite sign.
We shall assume that further detailing of the conditions for the generation of ultrashort pulses, particularly determination of the conditions for what is known as the second lasing threshold corresponding to the spontaneous appearance of ultrashort pulses from noise, is possible only if the dynamics of gain depletion is taken into account. Although in the case under discussion the influence of such depletion on the sech temporal profile is unimportant, its inclusion in Eqn (2) in the form of an additional term Àa t 0 a 2 t H (when zero time is made to coincide with the ultrashort pulse maximum) can influence the stability of ultrashort pulses.
The presence of such a term in Eqn (2) modifies the potential in the Schro« dinger equation, which determines distortions of the sech pulse in the linear theory of stability, so it becomes asymmetric: q a 2 0 ( tnh (ta() À AEa 2 0 seh 2 (ta() À g. The sech solution then exists also for a positive total gain ahead of the leading edge of an ultrashort pulse where the conditions are favourable for the amplification of laser noise, resulting in a pulse instability in the presence of perturbations with a continuous spectrum (laser noise). In Fig. 1 such solutions also lie below curve 1, which is defined by the condition qj t3ÀI 0, and generation of stable ultrashort pulses becomes possible for parameters lying between this curve and the broken line. Therefore, curve 1 defines what is known as the second lasing threshold. If the value of S is low (i.e. if thè bleaching' in the antiresonant ring is not very effective compared with the gain saturation in the active medium) and if 0 is small (i.e. if the pumping is weak), an ultrashort pulse is underexcited: its energy is too low to saturate the gain and thus suppress the noise ahead of its leading edge. The hypergeometric functions describing the exponentially growing (from one trip to the next) perturbations (see Ref.
[11]) shows that the laser radiation field represents large-scale regular oscillations within a cavity period (in the zone of the parameters lying above the second threshold defined by curve 1 ), corresponding to self-oscillatory solutions of Eqn (2).
This conclusion was verified by a numerical experiment based on a fluctuation model developed in Ref. [2] . The inset in Fig. 1a shows the temporal profile of the radiation field during one cavity period, plotted for a fixed serial number k of the trip and for the parameters 0 and AE identified by the arrow. The behaviour of the field confirms fully the proposed conclusion. The shaded region is the zone of generation of stable symmetric ultrashort pulses (Fig. 1b) . The approach to the broken line in Fig. 1 with increase in the ultrashort pulse intensity is beyond the range of validity of the assumptions underlying Eqn (2) . An analysis of the lasing dynamics for parameters in the zone above the broken line can be made by investigating the results of mapping:
where I( k) is the normalised peak intensity; T H T exp 0 a(1 I ) is the total transmission of the system; T represents the losses introduced by the modulator based on the antiresonant ring. The total transmission takes account of the saturable gain and, since the real minimum ultrashort pulse duration is close to t f , the local mapping represented by expression (4) should describe the dynamics of generation of ultrashort pulses when 'I ! 1. Fig. 2a gives the dependence of the result of the mapping operation described by expression (4) on the gain 0 for a fixed value S in the limit k 3 I (evolution diagram). There is a single steady-state solution (up to 0 % 0X85), followed by a transition to period doubling (0X85` 0`1 X07), quadrupling (1X07` 0`1 X2), etc., and to dynamic chaos ( 0 b 1X2). This behaviour in the presence of an antiresonant ring used as the modulator is quite self-evident in view of the symmetry of T, but it may become much more complex for other modulators (for example, when mode locking is performed by self-focusing). The zones in Fig. 2 were plotted in accordance with the results of the mapping operation described by expression (4) with the aid of the Lyapunov exponent calculated from this expression:
Period multiplication corresponds to Ã 0 and a transition to chaos corresponds to Ã b 0 (Fig. 2b) . The doubling and quadrupling of the period are represented in Fig. 1 by curves 2 and 3, and the transition to chaos is represented by curve 4. We can see that the results of an analysis of Eqn (2) agree with the asymptotic behaviour of the intensity predicted by the mapping operation ( 4 ). The range of strong pumping and nonlinearities (at the upper right-hand boundary of the mode-locking zone) corresponds to period multiplication and to destabilisation of a train of ultrashort pulses, which is shown in the inset c in Fig. 1 and is obtained by a numerical experiment. The transition to chaos generates irregular small-scale beats in one cavity period (see Ref. [12] ).
In this way we obtain a finite zone where mode locking is effective (shown black in Fig. 1 ) and which corresponds to the zone derived in Ref. [2] by a numerical experiment. The boundaries of the zone and the corresponding lasing dynamics can be interpreted clearly and a satisfactory analytic treatment of the efficiency of generation of ultrashort pulses can be made.
A numerical experiment may predict stable pulses with a distorted profile which is nearly super-Gaussian (inset d in Fig. 1 ). The existence of such pulses is related to predominance of the steady-state solution of Eqn (4) over the sech solution when the intensity rises strongly. The lasing dynamics begins to be governed by the instantaneous processes of the transmission described by Eqn (4) and not by the sech temporal profile. The intensities of the peaks of the time profile become equalised to a level corresponding to a steadystate result of the mapping operation (4) and the pulse tends to assume a rectangular shape.
It follows that an analysis of the quasisoliton solution of the lasing equation, in combination with a study of its stability and a comparison with the results of simplified simulation of lasing on the basis of instantaneous transmission (which describes the interaction of the field with the active medium and with the modulator for high intensities and strong nonlinearities), makes it possible to describe and interpret the main relationships governing mode locking in a laser with an antiresonant ring. This can be done without recourse to a numerical experiment based on a fluctuation model. We hope that application of the method described above will help in the understanding of laser dynamics and in optimisation of mode-locked solid-state lasers. 
